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The tachyon field in cosmology is studied by applying the generating function method to obtain
exact solutions. The equation of state parameter of the tachyon field is w = −1 + ǫφ˙2, which can
be expressed as a function in terms of the redshift z. Based on these solutions, we propose some
tachyon-inspired dark energy models to explore the properties of the corresponding cosmological
evolution. The explicit relations between Hubble parameter and redshift enable us to test the
models with SNe Ia data sets easily. In the current work we employ the SNe Ia data with the
parameter A measured from the SDSS and the shift parameter R from WMAP observations to
constrain the parameters in our models.
PACS numbers: 98.80.-k,95.36.+x
I. INTRODUCTION
One of the most challenging tasks in modern cosmology
is to understand the nature of dark energy, which pow-
ers the late-time accelerating expansion of the Universe
[1, 2, 3]. The simplest candidate for dark energy is the
cosmological constant, but it brings serious fine-tuning
problem [4]. However, it is quite probable that the dark
energy with other components in the Universe is not so
simple that it should be described by a more realistic
and complicated EOS [5, 6, 7, 8, 9] or modified gravity
[10] or scalar field. The scalar field models, to alleviate
the “old” cosmological constant problem, with a large
variety of potentials have been introduced to study the
dynamical effects of the dark energy (see Ref. [11, 12] for
reviews). The exact solutions of scalar field models are
limited due to the complicated equations, yet a generat-
ing function method is proposed in Ref. [13, 14]. Once a
generating function is given, other variables, such as the
Hubble parameter and the potential, can be expressed
by some integrations of the generating function. This
useful method can provide us with a large class of exact
solutions of scalar field models.
The tachyon field is originated from the D-brane action
in string theory [15]. Also, it can be introduced by a sim-
ple manner as follows. The canonical scalar field and the
tachyon field can be regarded as a generalization of the
Lagrangian for non-relativistic and relativistic particles,
respectively, [16]
Lc =
1
2
q˙2 − V (q) → Lc = 1
2
∂µφ∂
µφ− V (φ), (1)
Lt = −m
√
1− q˙2 → Lt = −V (φ)
√
1− ∂µφ∂µφ. (2)
Although the tachyon field is unstable, it is with an in-
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teresting perspective to explain the dark energy behav-
iors, which has been intensely studied in the literature
[17, 18, 19, 20, 21, 22, 23]. A natural application of
this framework is to a constant potential V (φ) =
√
A for
the Chaplygin gas EOS p = −A/ρ, which may give a
unified description of the dark matter and dark energy.
However, the exact solutions of the tachyon field are dif-
ficult to obtain. Although the asymptotic behaviors are
studied thoroughly, it is difficult to make some trustful
predictions that can be tested by data. In this paper,
we apply the generating function method into the case of
the tachyon field to solve the the equations and obtain
physical quantities.
Recent cosmic observational constraints indicate that
the current EOS parameter w ≡ p/ρ of dark energy
is around −1, probably below −1, which is called the
phantom region [24, 25] and even more mysterious in
the cosmological evolution stages. The phantom scalar
field is introduced by modifying the kinetic term sign in
the Lagrangian to be negative. Similarly, the phantom
tachyon field is also proposed and studied [26, 27, 28].
In the present work, we obtain exact solutions for ei-
ther the quintessence or the phantom case of the tachyon
field in terms of a given generating function. Inspired by
these results, we propose some effective EOS parameters
of dark energy and employ the SNe Ia data to constrain
our models.
The paper is organized as follows: In the next section
we present the general equations and show some exam-
ples. In Sec. III we give exact solutions for some special
cases of the generating function. In Sec. IV we employ
the SNe Ia data to constrain dark energy models. The
last section is the conclusion and discussion.
II. BASIC EQUATIONS AND SOLUTIONS
We consider the Friedmann-Robertson-Walker metric
in the flat space geometry (k=0) as the case favored by
2recent observational data
ds2 = −dt2 + a(t)2(dr2 + r2dΩ22). (3)
The energy-momentum tensor for the perfect fluid is
Tµν = (ρ+ p)UµUν + pgµν , (4)
where Uµ = (1, 0, 0, 0) is the 4-dimensional velocity
in comoving coordinates. From the Einstein equation
Rµν − 12gµνR = κ2Tµν , where κ2 = 8πG, we obtain the
Friedmann equations
H2 =
κ2
3
ρ, H˙ = −κ
2
2
(ρ+ p), (5)
where H = a˙/a is the Hubble parameter. The conserva-
tion equation for energy, T 0ν;ν = 0, yields ρ˙+3H(ρ+p) =
0.
For a canonical scalar field φ, the energy density ρ and
the pressure p are
ρ =
1
2
φ˙2 + V (φ), p =
1
2
φ˙2 − V (φ), (6)
respectively. For a given potential V (φ), it is difficult
to find exact solutions due to the nonlinear equations.
However, a class of exact solutions can be obtained in
terms of the generating function F (φ) = φ˙ [13, 14]. The
solutions for the physical quantities are
t(φ) =
∫
dφ
F (φ)
, (7a)
H(φ) = −κ
2
2
∫
F (φ)dφ, (7b)
V (φ) =
3
κ2
H(φ)2 − 1
2
F (φ)2, (7c)
a(φ) = a0 exp
(∫
H(φ)
F (φ)
dφ
)
, (7d)
which are expressed only by some integration forms.
We can give another example. An effective Lagrangian
density for the DBI inflation inspired from the super-
string theory is [29]
L = −f−1(φ)
√
1− 2f(φ)X + f−1(φ) − V (φ), (8)
where X = − 12gµν∂µφ∂νφ. The tension of the brane is
f−1(φ) = T3h
4(φ), where h(φ) is the warped factor in
the metric
ds210 = h
2(r)ds24 + h
−2(r)(dr2 + r2ds25). (9)
In terms of the brane tension T (φ), the Lagrangian den-
sity is [30]
L = −T (φ)
√
1− φ˙2/T (φ) + T (φ)− V (φ), (10)
for a homogeneous and isotropic Universe. The corre-
sponding EOS is
ρ = (γ − 1)T (φ) + V (φ), p = γ − 1
γ
T (φ)− V (φ), (11)
where the γ is the Lorentz factor defined as
γ ≡ 1√
1− φ˙2/T
. (12)
In terms of the generating function F (φ) = φ˙, the so-
lutions of the Hubble parameter and the potential are
given by
H = −κ
2
2
∫ (
γ(φ)− γ−1(φ))T (φ)
F (φ)
dφ, (13a)
V =
3
κ2
H2 − (γ(φ)− 1)T (φ). (13b)
III. SOLUTIONS FOR THE TACHYON FIELD
The EOS for the tachyon field φ is
ρ =
V (φ)√
1− ǫφ˙2
, p = −V (φ)
√
1− ǫφ˙2, (14)
where ǫ = ±1 and the case ǫ = −1 is for the phan-
tom tachyon field. We find that the generating function
F (φ) = φ˙ can also be utilized to the tachyon field case.
The solutions are generally given by
t(φ) =
∫
dφ
F (φ)
, (15a)
H(φ) =
2
3ǫ
∫
F (φ)dφ
, (15b)
V (φ) =
3
κ2
H(φ)2
√
1− ǫF (φ)2, (15c)
a(φ) = a0 exp
(∫
H(φ)
F (φ)
dφ
)
. (15d)
We neglect the integration constant in the above expres-
sions, therefore, these solutions are only a small class of
solutions. The EOS parameter w = p/ρ thus is given by
w = −1 + ǫφ˙2. (16)
Here we can see clearly that ǫ = 1 is corresponding to
the quintessence case, while ǫ = −1 the phantom case.
To get definite answer for physical systems we need ex-
act solutions. In the following section we pay particular
attentions to some special cases.
A. F (φ) = c
If F (φ) = c, where c is a constant, the solutions are
t(φ) =
φ
c
, (17a)
H(φ) =
2
3ǫcφ
, (17b)
V (φ) =
4
√
1− ǫc2
3κ2c2φ2
, (17c)
a(φ) = a0φ
2/(3ǫc2). (17d)
3The integration constants have been ignored for simplic-
ity. The potential V (φ) ∝ φ−2 has been studied in
Ref. [31, 32]. It is very natural to obtain this solution
by means of the generating function. The EOS param-
eter in this case is w = −1 + ǫc2. If c = 1 and ǫ = 1,
the solution of the scalar factor therefore is a(t) = a0t
2/3,
i.e., the tachyon field behaves like the dust (w = 0). And
if c is close to 0, it behaves just like the simplest cosmo-
logical constant (w ∼ −1). The phantom case contains a
future singularity in the cosmological evolution. If c = 1,
the scale factor behaves as a(t) = a0(t − ts)−2/3 when
t → ts. In this case, a → ∞, ρ → ∞, and |p| → ∞,
which means that the future singularity is the Big Rip
[33].
B. F (φ) = αφβ and F (φ) = αeβφ
If F (φ) = αφβ , where α and β are free parameters, the
solutions are
t(φ) =
φ1−β
α(1 − β) , (18a)
H(φ) =
2(β + 1)
3ǫαφβ+1
, (18b)
V (φ) =
4(β + 1)2
√
1− ǫα2φ2β
3κ2α2φ2β+2
, (18c)
a(φ) = a0 exp
(
− β + 1
3ǫα2βφ2β
)
. (18d)
The solutions for F (φ) = αeβφ are
t(φ) = − 1
αβ
e−βφ, (19a)
H(φ) =
2β
3ǫα
e−βφ, (19b)
V (φ) =
4β2
3κ2α2
e−2βφ
√
1− ǫα2e2βφ, (19c)
a(φ) = a0 exp
(
− 1
3ǫα2
e−2βφ
)
. (19d)
If we ignore the integration constants, the EOS param-
eter contains a factor [ln(1 + z)]−1, which is obviously
divergent when z = 0 as today. Another example is that
the exact solution for the potential V (φ) = 4/(3κ2 cosφ)
can be obtained by using F (φ) = sinφ. As a more re-
alistic case, we can add a ln(1 + z) factor in the EOS
parameter and test the cosmological evolution with data.
IV. SUPERNOVAE CONSTRAINTS OF
TACHYON-INSPIRED MODELS
Recent year observations of the SNe Ia have provided
the direct evidence for the cosmic accelerating expansion
of our current Universe. Any model attempting to ex-
plain the acceleration mechanism should be consistent
with the SNe Ia data implying results, as a basic require-
ment. Recently, lots of relations of the Hubble parameter
H and the redshift z are proposed to test the dark en-
ergy component with observational data, e.g., we have
found that the viscosity without cosmological constant
possesses a (1 + z)3/2 term contribution to H [8]. Tech-
nically, the method of the data fittings is illustrated in
Refs. [34] for example.
The EOS parameter w(z) has been obtained in condi-
tion that the tachyon field is the dominated component
in the Universe. In the realistic Universe, dark energy is
mixed mainly with the dust (including ordinary matter
and dark matter). The component of dust contributes
a (1 + z)3 term to H2, and the dark energy component
contributes a (1 + z)3(1+w) term, where w is its constant
EOS parameter, i.e.,
H2 = H20 [Ωm(1 + z)
3 + (1− Ωm)(1 + z)3(1+w)]. (20)
As an approximation, we assume this addition law for
the mixture of the dust and dark energy is valid if w is
with small variations. See the APPENDIX for details.
We study five models to fit the data for comparison,
and the result is summarized in Table I. The first one is
the ΛCDM model. The second is w = −1 +w1, which is
for the case F (φ) = c. For the third model, we propose
an EOS parameter of dark energy as
w = −1 + w1 ln(1 + z), (21)
where w1 is a parameter. The fourth is
w = −1 + w1[ln(1 + z)]w2 , (22)
where w1 and w2 are parameters. We see that the
tachyon field behaves like the variable cosmological con-
stant, thus we expect that it can be regarded as a possible
explanation to the dark energy behaviors. Moreover, the
the fifth model includes an additional parameter w0 for
a more general parametrization
w = −1 + w0 + w1[ln(1 + z)]w2 . (23)
The χ2 is calculated from
χ2 =
n∑
i=1
[
µobs(zi)−M′ − 5 log10DLth(zi; cα)
σobs(zi)
]2
+
(A− 0.469
0.017
)2
+
(R− 1.716
0.062
)2
, (24)
where M′ = M − Mobs is a free parameter and
DLth(zi; cα) is the theoretical prediction for the dimen-
sionless luminosity distance of a SNe Ia at a particular
distance, for a given model with parameters cα. The pa-
rameter A is defined in Ref. [35] and the shift parameter
R in Ref. [36]. We will perform a best-fit analysis with
the minimization of the χ2, with respect toM′, Ωm, w0,
w1, and w2 by employing the SNLS data [3] combined
with A and R to constrain our models. For the model
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FIG. 1: The 1σ (solid line), 2σ (dashed line), and 3σ (dotted
line) contour plots of Ωm-w1 relation in model (iii).
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FIG. 2: The 1σ contour plots of w0-w1 relation in model (v)
showing no particular preference to quintessence or phantom.
(iii), the Ωm-w1 relation is plotted in Fig. 1, from which
we can see that the phantom case of the tachyon field is
slightly favored. For the model (v), the w0-w1 relation is
plotted in Fig. 2 for two particular choices of w2, with a
wide range of possibilities shown.
V. CONCLUSION AND DISCUSSION
We have obtained a class of exact solutions of the
tachyon field in the framework of Friedmann universe.
The solutions of the Hubble parameter H , the scale fac-
tor a, and the potential V are expressed by general in-
tegrations of a given generating function F (φ). We list
the exact solutions of some special generating functions,
such as the constant, the power-law, and the exponen-
tial functions. By the results one is tempted to postulate
that the tachyon field may provide a possible explana-
tion to the dark energy. According to the solutions of
the tachyon field, we propose some parameterized EOS
parameters of dark energy in the cosmological evolution,
thus these tachyon-inspired dark energy models predict
some new H-z relations in cosmology. We employ the
SNLS data with the parameters A and R to constrain
our models. The results show that the tachyon field can
be a candidate for the dark energy, and the phantom case
is slightly favored to fit the SNe Ia data, though there is
still no way to rule out the simplest cosmological constant
as a good dark energy candidate.
In this work, the tachyon field that causes the late-
time accelerating expansion of the Universe, instead of
the problematic yet economic cosmological constant. The
generating function method enables us to obtain exact
solutions to explore the properties of the tachyon field.
Furthermore, another class of scalar field, the k-essence
[37] has also related to the DBI action and likewise this
generating function method can similarly be applied to
it. Beside, other approaches are also interesting, such
as in Ref. [38]. Currently, lots of exotic components are
proposed to explain the cosmic dark components (dark
matter and dark energy) and too many of them fit the
data well. However, we believe that the seemingly chaotic
situation would be improved as the incoming more pre-
cise data sets in observational cosmology available and
we may gain some new knowledge not far away.
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APPENDIX A: A NOTE ON THE MIXTURE OF
DUST AND DARK ENERGY
If there are several components in the Universe, we
can solve the Friedmann equations to obtain the Hubble
parameter H(z). Assuming that only the ith component
is in the Universe, we can solve a relation Hi(z). The
question is whether the addition law H(z)2 =
∑
iHi(z)
2
is correct. This is not always true in general. The reason
is as follows. From Eq. (5), the equation determining
the Hubble parameter is H˙ = − 32H2+
∑
i Λi if there are
the dust and other components Λi in the Universe. This
equation can be rewritten as
1
2
(1 + z)
d(H2)
dz
=
3γ
2
H2 −
∑
i
Λi. (A1)
If each Λi is only explicitly dependent on the redshift z
or just constant, this is an inhomogeneous linear differen-
tial equation, and Λi are the inhomogeneous terms. Ac-
cording to the theory of linear differential equations, the
5TABLE I: Summary of the best fit parameters
Models by Eq. (20) Best fit of parameters χ2
(i) w = −1 Ωm = 0.269 111.124
(ii) w = −1 +w1 (Ωm, w1) = (0.270,−0.0169) 111.082
(iii) Eq. (21) (Ωm, w1) = (0.270,−0.0234) 111.114
(iv) Eq. (22) (Ωm, w1, w2) = (0.269, 0.00698, 2.6309) 111.063
(v) Eq. (23) see Fig. 2
solution of the this equation is equal to the summation
of the solutions when each nonhomogeneous term exists.
Therefore, the conclusion is that if the component con-
tributes a term which is only explicitly dependent on the
redshift z (equally, the scale factor a) or constant, the
addition law is correct.
For example, the curvature term is proportional to
1/a2, and the cosmological constant is a constant. There-
fore, the corresponding terms of the dust, the curvature,
and the cosmological constant can be added to have H2
as a polynomial. In the case of the bulk viscosity, which
contributes a term proportional to H [8, 39], even an ex-
plicit H(z) relation unable to be obtained, consequently,
H2 cannot be separated to a (1 + z)3 term and a dark
energy term simply. The tachyon field is far more compli-
cated than the only z-dependent term, thus Eq. (20) may
not exactly valid. However, since the ΛCDM model is in
good agreement with the globally observational data, the
behavior the dark energy should not be deviated from the
cosmological constant too far away. It is reasonable to
assume that the addition law is valid for the mixture of
the dust and dark energy as an approximation, as that
is correct for the limit case to the cosmological constant.
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